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Dynamic Stability of a Nonrigid Parachute and Payload System
DEAN WOLF*

Northrop Corporation, Newbury Park, Calif.

The three-dimensional motion of a nonrigid parachute and pay load system is studied.
Both the parachute and payload are assumed to have five degrees-of-freedom (roll about the
axes of symmetry is neglected). They are coupled together by a fixed-length connector, or
riser. The general nonlinear equations of motion are put in a form that is convenient for
digital computer solutions. All equations are written in dimensionless form and, using small-
disturbance theory, are linearized. The linear equations are then examined in a stability
analysis. A proposed method of checking the linear stability criterion by forming the general
solution of the linear equations is discussed. A sample stability analysis is presented to show
how the methods developed might be applied to a particular problem. The problem consists
of selecting a parachute to stabilize a statically unstable payload. With the methods de-
veloped, it is possible to examine in considerable detail the dynamic behavior of a nonrigid
parachute and payload system.

Nomenclature

A = reference area
Bm,Bi = apparent inertia coefficients
Bik* '= direction cosine (i,j,k = 1-3)
BRJ,BSJ = direction cosine products
C • . = velocity magnitude
c — dimensionless velocity magnitude
Ci = moment of inertia coefficient
CN,CT = force coefficients
CNa,CTa = force coefficient slopes
CTI = dimensionless riser force
D — reference diameter
D* = dimensionless time derivative
F = steady aerodynamic force
FI = riser force
Fr = Froude number
FxjFyjFz = x}y,z force components
Gi-Gi5 = parameters in small-disturbance analysis
g = gravitational acceleration
I • " = • moment of inertia
Ia = apparent moment of inertia
•i = dimensionless moment of inertia
k = dimensionless mass
L . • = length
m = mass
ma = apparent mass
Pj)Qj = angular velocities
PijQi = dimensionless angular velocities
UjjVj = velocity components

Wj
Uj,Vj,Wj = dimensionless velocities
xj}yj,zj = body-axis coordinates
xe,ye,ze = Earth-fixed coordinates
a = angle of attack
p = fluid density
X = root of characteristic polynomial
\p = most positive root real part
tiflidi = Euler angles

Superscript
j = free superscript (j = 1-3)

Subscripts
0 = reference descent condition
1 = parachute or parachute body axis
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2 = riser or riser body axis
3 = payload or payload body axis
j = free subscript (j = 1-3)

Introduction

E rapid increase in the use of parachutes during the
past decade has far outpaced the development of basic

technologies necessary for efficient parachute design. More
demanding lower atmospheric uses combined with uses in
space and ocean related sciences have confronted the para-
chute designer with a broad range of poorly understood
phenomena.

Early studies of parachute dynamics were conducted by
Henn1 and Brown2 for small-amplitude planar motion.
Lester3 made certain corrections to these studies by carefully
discussing the way in which apparent (hydrodynamic) inertia
effects are included in the equations of motion. The first
stability criterion for small-amplitude planar motion was
presented by Heinrich and Rust.4 Ludwig and Heins5

solved the equations of motion for large-amplitude planar
motion using a digital computer.

Three-dimensional parachute motions were first studied by
White and Wolf.6 Both a small-disturbance stability cri-
terion and digital computer solutions of the equations of
motion were used.

All of the preceding studies assumed a rigid parachute
with a neutral payload. Payload aerodynamic forces were
included by Heinrich and Rust7 for planar motion of a rigid
system. Nonrigid effects have been included in the equa-
tions for planar motion by Neustadt et al.8

The primary purpose of this investigation is to develop
the methods required to study the stability and the three-
dimensional motion of a nonrigid parachute and payload
system. Because of the cumbersome nature of a problem
of this type, the analysis is tailored for extensive use of a
digital computer.

Equations of Motion

The parachute and payload are represented in this study
by a lumped-parameter model. The equations of motion are
therefore ordinary differential equations. Since large ampli-
tude motions are allowed, the equations are also nonlinear.
Numerical solutions to equations of this type are well within
the capabilities of modern digital computers.
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trajectory

Fig. 1 Coordi-
nate systems.

Simplifying Assumptions

Iii order to reduce the problem to one of an appropriate
size, a number of simplifying assumptions have been made.
1) The parachute and pay load are each rigid, axisymmetric
bodies. 2) They are connected by a fixed-length connector,
or riser, attached along the axes of symmetry. 3) Five
degrees-of-freedom are allowed for each body, with roll about
the axes of symmetry being ignored. 4) Steady aerodynamic
forces on the parachute and payload are assumed to be func-
tions only of instantaneous angles of attack (see Figs. 2 and
3). 5) The centers of pressure for steady aerodynamic
forces are taken to be points along the respective axes of
symmetry. 6) Unsteady fluid effects for the parachute are
represented by scalar values of apparent mass and moment
of inertia. 7) The center of parachute apparent mass is
coincident with parachute center of mass. 8) Unsteady
fluid effects for the payload are ignored. 9) Forebody wake
effects are ignored. 10) A flat Earth with no winds is assumed
for trajectory calculations. The model describes the motion
of two dynamically coupled rigid bodies upon which simplified
aerodynamic forces act.

Coordinate Systems

The motion of a body in space can be described by the
motion of a set of coordinate axes attached to the body with
respect to a reference axis system. Body axes attached to
the parachute, riser, and payload are used to describe an
arbitrary motion of these components in an Earth-fixed
system (xe,ye,ze). In all three body-axis systems fo-,^-,2,-)
there are linear velocities (Uj,Vj,Wj) and angular velocities
(Pj,Qi)j with j taking on values of 1-3 as illustrated in Fig.
1. All axis systems are right-handed orthogonal systems.

Fig. 2 Forces on
parachute.

The Earth-fixed axes are aligned with any body-axis sys-
tem by a series of three Euler angle rotations in the following
order: fa = a rotation about Zj\ Bj = a rotation about y}-
after fa] and fa = a rotation about x, after fa and Oj. Ve-
locities of the three axis systems are expressed in Earth-
fixed coordinates as follows:

(dy./dt)i = UjB21i + VjBrt + W,-B*
(dz./dt)i = UjBtf + VjBtf + W,<B&

where direction cosines are functions of the Euler angles;

Bni = COSdj COS fa

Brf = sinfa sin6j GOSI//J — cos fa sin^y
Bn

] = cos fa si 110., cos fa -J- sinfa sin fa
#21' = COS0J sin fa
Brf = s'mfa sinOj sinfa + cosfa cosfa
B^i = cosfa sinBj sinfa — sinfa cos fa

(1)

(2)

BV# = sinfa cosdj
B&' = COS<l>j COsOj

Euler angle time derivatives are expressed in terms of
angular velocities and Euler angles in the following way:

dfa/dt = QJ sinfa sec0y, ddj/dt — Qj cosfa
dfa/dt = Pj + Qj sinfa tan0/

(3)

By integrating Eqs. (1) and (3) one obtains the position
and angular orientation of the three axis systems as a function
of time. The appropriate linear and angular velocities re-
quired are supplied by the equations of motion.

General Equations

By using straightforward physical arguments, the equa-
tions of motion derived by Etkin9 are modified to describe the
two-body system. First, the two-body system is divided
into two separate rigid bodies. The rigid-body equations
are then modified appropriately to apply to the parachute
and payload. Next, constraint equations are written, which
again couple the two bodies. Finally, the complete system
of equations is put in a form convenient for solution on a
digital computer.

Figure 2 illustrates the parachute portion of the system.
The five force and moment equations for the parachute be-
come

+ F*Bm = (mi + ma)(dUi/dt +
(4a)

Fly = (m, + ma}(dVl/dt - P.W,)
(4b)

+ = (mi + ma) X
(dWi/dt +

R, = (I, +

Direction cosine products are defined by

(4c)

(4d)

(4e)

(5)

They provide a convenient way of breaking the riser force
into components in the parachute body-axis system.

The payload portion of the system is shown in a similar
form in Fig. 3. Five more force and moment equations are
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needed to describe the pay load;

-P373

dP3
3 dt
dQz

5 dt

(6a)

(6b)

(6c)

(6d)

(6e)

System dimensions are illustrated in Fig. 4. Again, riser
force components are obtained with direction cosine products
defined by

BSJ = BijZBi3 ~f- Bij -D28 + -O3j -O33 (7)

Coupling Equations

The equations are not yet complete. Riser force and di-
rection cosines in the riser coordinate system appear in all
equations of motion. They are provided by the constraint
or coupling equations.

The riser attachment points on the parachute and payload
must remain a fixed distance apart. The constraint is
written in terms of velocities, since velocities are used as
dependent variables.

If velocity components in adjacent coordinate systems are
equated at both ends of the riser, two sets of three equations
are obtained. Riser linear velocity components are elimi-
nated and one set of three equations is obtained in the following
form:

L3P3)
Vi - LA) - B (8)

Equations (3, 4, 6, and 8) provide 22 independent relations
between the 22 variables (U^V^Wi.U^VzyW^P^Qj^ej,
fajFz) if Eqs. (2, 5, and 7) are substituted appropriately, and
aerodynamic forces are expressed as functions of velocity
components. Unfortunately, the form of these relations is
not convenient for a numerical solution. First derivatives
of the riser force and riser angular velocities do not appear,
so a straightforward numerical integration is not possible.

With a significant increase in complexity, it is possible to
differentiate Eq. (8). The resulting equations are solved
for dQz/dt, dP2/dt and dWi/dt with j = 1,2, and 3, respec-
tively;

dt/3
7 _ L P \ -^r W (B 1Q — B 1P ) _

r dQ,

1 fdU1 1 fdVl dP
~ l ~

dt

(9)
With j = 3, Eq. (9) contains a strong hint of what to do

with the unknown riser force. With the derivative dWi/dt
given by this equation, Eq. (4c) can be solved to give the riser
force ;

ma)(dW1/dt +

Fig. 3 Forces on pay-
load.

Equations (3, 4a, 4b, 4d, 4e, 6, and 9) now provide
21 first-order ordinary differential equations in the 21
variables (I7i,7i, W^U^V^W^P^Qj^^^j) when Eqs.
(2,5,7, and 10) are substituted appropriately. The form
of the 21 equations allows a straightforward numerical solu-
tion.

Nondimensional Equations

For a general study of this type, dimensionless equations
are much more convenient to work with than their dimen-
sional counterparts. All variables are put in nondimensional
form using the system length L and the steady glide speed
C0 (see Fig. 4). Sample nondimensional variables are defined
as follows:

='C/i/C0; PJ = LPj/CQ; t* = C<*t/L (11)
Substituting the nondimensional variables into Eqs. (4)

and (6), the equations of motion are put in the following
dimensionless form:

flgCToBz]

d*

dt*

,+

.
+

(12a)

+

(12b)
(12c)

(12d)

(12e)

Fig. 4 System dimen-
sions.

Flg - (10)
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dU +

(12f)

dt* + — p&z +

dt* +.—

(12g)

(12h)

CV3c3
2(w3 +rln f^ ft 2 T)aqs 0 TzCi'n,

T7~ ~ ~P———9———— ~~ ~———^7——9————————9VT/9" VJ-^V«c* II^T^TA ^3 (cs — ^3)
The riser force is written in dimensionless coefficient form

as

cn = ̂ \(^ ^ + cn -
(13)

Euler angle derivatives of Eqs. (3) are put in nondimensional
form by substituting dimensionless angular velocities PJ and
q3-. Also, the lengthy Eq. (9) is put in nondimensional
form quite simply by inserting dimensionless linear and
angular velocities (ui,vi,Wi,U3,v3,w9,p3',qj) and by replacing all
lengths (1/1,1/2,1/3) by length ratios (7*1/2/3).

A formidable collection of dimensionless parameters has
been introduced into the equations. They are defined as
follows:

ki =
2 (mi 2ms 7.)

21*
mi -f mi + m.

CTO = (mi + m*)g.
(14)

'2 — T j * 6 — T J '4 — j
Li LJ J-J

where p is the density of air, g the gravitational acceleration,
and AI and A$ are reference areas for the parachute and pay-
load. Aerodynamic force coefficients are conventionally
separated into normal force coefficient (CW) and tangent
force coefficient (CV) in the parachute literature;

+ —; CTI —
(15)

The appropriate velocity magnitudes are shown in Fig. 2
to be Ci for the parachute, and in Fig. 3 to be (73 for the pay-
load. Velocity magnitudes are expressed in dimensionless
form as

(16)

Also illustrated in Figs. 2 and 3 are angles of attack for the
parachute and payload;

on = arctan[(wi2 + Vi2)1/2MI
<*3 - arctan{ [(us + r4#3)2 + (t;8 -

(17)

Since the force coefficients are assumed to be functions only
of instantaneous angles of attack, they can also be expressed
solely in terms of velocities.

The dimensionless mass and moment of inertia parameters
and the length ratios are defined in such a way that the
equations of motion are made as simple as possible. They
are not in convenient form for making a system parametric

study or for efficiently using data available in the literature.
More convenient forms will thus be defined.

Reference areas are taken as parachute and payload cross-
sectional areas

= 7rA2/4; A* = 7rD3
2/4 (18)

where DI and Z)3 are diameters. Parachute apparent mass
and moment of inertia are put in dimensionless form by
dividing by the mass and moment of inertia of a fluid sphere
of appropriate reference diameter (see Ibrahim10).

Bm = 6mc/7rpZ)i3; (19)
It is often convenient in parametric studies to express mo-
ment of inertia as a simple function of mass and length:

1 1 = 73 = C/3m3L3r
2 (20)

where C/i and (7/3 are constants and LST is total payload
length. The following length ratios are likely to be found
more convenient:

7-21 = b..
L%T

DlrDi = — ; rD3

(21)
Combining all of these new parameters with the descent

Froude number, Fr = C0/(gL)1/2, the "simplifying" param-
eters of Eqs. (14) can be written in more convenient param-
eters as follows:

7kl =
CTOFr2rl()

15

(22)

/rDz + r21 + I)-1; r2 =
= 1 — ri — r2; r4

Obviously, Froude number cannot be specified without
indirectly specifying some physical characteristic of the
system. By definition

Fr* - C<?/gL = (23)

If an average payload density p3 is defined for most reason-
able pay load shapes,

Fr* (24)
Specifying Froude number is thus seen to be equivalent to
specifying a payload to fluid density ratio. A reasonable
minimum density ratio for Earth applications is found to be
about 500. Accordingly, a minimum Froude number is de-
fined as

(25)FT*? = 1000
The ratio Fr/Frm is convenient for use in a parametric study.

Small-Disturbance Analysis
General Procedure

It is often desirable to dinstinguish between fundamentally
different types of system behavior. To attempt to do so
for a complicated system, using only numerical solutions of
the equations of motion, can be a costly and frustrating task.
An analysis of the stability of a given state is often more
practical.

For example, usually a parachute and payload are re-
quired to descend in a steady glide rather than in some wildly
oscillating manner. A stability analysis of the glide condi-
tion can be used to accomplish the desired result.

The mathematical techniques required to evaluate the
stability of large systems of nonlinear differential equations
are not generally available. Therefore, linear techniques
are used and stability is considered with only small perturba-
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tions about a reference state allowed. The linear stability
analysis does not give a complete picture of system stability,
but used properly, it is a valuable tool in predicting system
behavior.

In the general procedure to be followed, the stability of a
free system given an initial displacement is investigated.
Either a portion, or all, of the general solution of the linear
equations of motion can be investigated.

The extent to which the general solution is examined is de-
termined by the amount of detail required in the stability
analysis. If the maximum possible growth rate for an initial
disturbance is sufficient information, the most positive real
part of a characteristic polynomial root will do. If the sta-
bility of one or more specific modes is of interest, all the roots
might be needed. It might even be desirable to evaluate
the constants in the general solution, if the relative signifi-
cance of certain modes is important.

A comparison of numerical solutions of the nonlinear
equations of motion with general solutions of the linear equa-
tions of motion is also recommended. These comparisons
have been found by experience to be extremely important
when large systems of relatively unfamiliar equations are in-
volved. The derivation of the general equations of motion
is almost entirely dependent upon physical reasoning to en-
sure the correctness of the equations, within the intended
assumptions. It can be very difficult with similar arguments
to show that the stability analysis is consistent with the
original equations of motion. Comparison of the general
solution of the linear equations with a numerical solution of
the original equations of motion for a number of test cases
can give reasonable assurance that all intermediate steps,
and hence the stability criteria, are correct.

Linear Equations

The first step in the small-disturbance analysis is to write
the equations of motion in linear form. For the parachute
and payload, a reference descent configuration is selected in
which the entire system is axisymmetric. The small-dis-
turbance analysis thus applies to a parachute and payload
descending vertically.

To investigate the stability of the vertical descent condi-
tion, we assume small disturbances about a reference state
defined by

= Oj = <fc = 0
(26)

Disturbance variables are denoted by primes, as follows:
/ _ e / _ m / _ < / _ t i _

q/ = ^-; ^-' = ^-; 0/ = 0J-; */ = ^-; (27)

Force coefficient curves are approximated by straight lines
near a. = 0 so that with a' — a,

= CWaiCKi'; CTI = (CTI)Q', C

CTS = (Crs)o; CTQ ~ (CTI +
(28)

Substituting Eqs. (27) and (28) into Eqs. (12) and neglect-
ing squares and higher powers of disturbance variables, the
linear equations of motion are obtained.

Equations in Ui',61',ua',63't and 02' separate to give

(D* + GiW + (£>* + G2)0i' - GM = 0
0V + G4W - GM = o

(D* + ft)^' + (G6Z)* + £7)03' + <M* = 0
(29)

GW + 0V + fto£>* + GUW - GiM = 0
+ £12)0i' - Gnu,' +

(GuD* - £12)03' + £>*02' = 0

Equations in ^i',^!',^',^', and </>2' also separate to give an
equivalent set. The w\ and w^ equations form still another
separate set, given by

(£>* 4- 3' = 0, ' - 0 (30)

The symbol D* is the dimensionless time derivative, and
the G coefficients are dimensionless groups defined as follows:

ft = CTI —

CTI —

fto =
CW42

?6 = 1 +

<?» =

r2

The equivalence of the Q — u and the $ — v equations
merely indicates the obvious result that a vertically descend-
ing parachute has no preferred plane of oscillation. Since
the only root of Eqs. (30) is real and always positive, they
are always stable.

General Solution

Equations (29) are linear ordinary differential equations
with constant coefficients. Solutions must be of the form
exf*, where X is a constant. If the exponential forms of
Uir ,61',U3f ,63', and 62' are substituted, a set of equations
identical with Eqs. (29) is obtained, with the operator D* re-
placed by X. By requiring the determinant of the coeffi-
cients to be zero, the characteristic polynomial in X is ob-
tained.

The set of five simultaneous equations gives a seventh-
order characteristic polynomial, since two of the equations
are second order. Expanding the determinant of coefficients
and collecting terms with like powers of X is a very tedious
process for large systems. Even more tedious are the
methods required to extract roots of the characteristic poly-
nomial and evaluate constants in the general solution. All
of these operations were therefore accomplished using a
digital computer. An excellent means of extracting all
polynomial roots is available as an IBM subroutine.11 Sub-
routines which were used to form the characteristic poly-
nomial, extract the most positive real part of a polynomial
root, and evaluate general solution constants were prepared
by Wolf.12 With these computer programs, it is possible to
rapidly generate and check stability information for any large
set of linear ordinary differential equations of the type en-
countered in the present parachute stability study.

Sample Stability Analysis

The major emphasis in this study is on developing methods
of describing the dynamic behavior of parachute and pay-
load systems. A very brief stability analysis is presented so
that the use of the methods might be illustrated more clearly.

Sample System

In this example a statically unstable payload is to be
stabilized during its descent by using a parachute. The
parachute must be kept approximately the same diameter
as the payload so that the descent speed remains large.

The payload has the following dimensionless parameters:

CNm = 1.0; CTS = 0.5; r,T = 0.4

r3T = 0.5; rm = 0.33; C/3 = 0.1
(32)
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Fig. 5 Variation
of \p with Cri-

0 .2 .4 .6

'

A parachute with the following dimensionless parameters is
available:

CNal = 0.1; CTI = 1.0; rA = 1.0
Bm = 0.5; Bt = 0.2; ng = 0.05

rz)1 = 0.5; r2i = 5.0; Cn = 0.17

(33)

The analysis must determine if the parachute provides
acceptable stability. If it does not, another parachute must
be selected.

Stability Analysis

A recommended first step is to make certain that the sta-
bility analysis is consistent with the equations of motion.

Fig. 6 Variation
of \p with rig.

.2 .4 .6 .8
CN n

A comparison between numerical and general linear solutions
shows (see Ref. 13) that the stability analysis and the equa-
tions of motion are consistent. An unstable divergence is
also found to exist, so the parachute system must be modified.
As a first step in determining how the system should be
modified, the effects of varying available parachute param-
eters on Xp is examined.

Figure 5 shows the effects of varying CWm and CTI. Clearly.
CNOL should be increased as much as possible, and at least
CTI not decrease. The effect of parachute weight on system
stability is dramatically illustrated in Fig. 6. Parachute
weight must be kept at 5% or less of the total system weight.
Figure 7 shows that the riser should be as short as possible.
The system is shown to be more stable at high altitudes
(large Froude numbers) in Fig. 8. All parameters are held
constant at the values given in Eqs. (33) unless otherwise
specified.

As a simplified modification, select a parachute with CNUI
= 1.0, while keeping all other parameters the same. Even
this drastic change may not make the system heavily damped,
since it is shown to be only very slightly negative for CWal as

Fig. 7 Variation
of Xp with r2i.

.2 .4 .6
Nal

- Nominal Value

Fig. 8 Variation
of \v with Fr.

0 .2 .4 .6

CN nal

large as 1.0. The significance of \p to the system behavior is
easily determined by forming the characteristic polynomial,
extracting all its roots, and evaluating the general solution
constants for given initial conditions. The resulting roots
[where i = ( —1)1/2] are

X l i 2 = -0.00004 ± 1.74i X3)4 = -0.0133 ± 0.208i

\5)6 = -0.0048 ± 0.059i X7 = -0.0026
(34)

Given a one-degree pitch displacement, the solutions for
0i and 03 are

0! - e-°-000'*(-0.014 cosl.74Z* + 0.000 sinl.74^) +
e-°-013<*(0.940 cosQ.208Z* -f 0.041 sinO.208**) +
e-0.005*(0.067 cosO.059** + 0.066 sinO.059^) +

0.006e-°-003'* (35a)
03 - e-°-000<*(-0.000 cosl.74^ + 0.000 sinl.74^) +

e-o.oi3*(_o.889 cosO.208** - 0.167 sinO.208**) +
e-o.oo5«*(i.88 cos0.059Z* + 0.540 sinO.059**) +

O.OQ6e-°-003'* (35b)

The system is seen to be more heavily damped than the
conservative parametric study using the most positive root
indicated. Coefficients for the lightly damped modes (Xi,2
and XT) are very small, whereas the more heavily damped
modes (X3 ) 4 and XS.G) have large coefficients.

Large-Disturbance Stability

As previously mentioned, a linear stability analysis does
not give a complete picture of system stability. It does not
necessarily give valid results for large amplitude motions.

Figure 9 shows the response of the "stable" system to 5°
displacement; the initial pitch-up motion of the payload is
turned back by the parachute; and although not shown,
the oscillations eventually damp out. If the same system is
displaced 10°, an uncontrolled divergence occurs. In both
cases, force coefficients were approximated by

CNI = + CTI = 1.0 - O

CTS = 0.5 -
(36)

If the 5° displacement represents a reasonable upper limit,
stability is assured. If not, some of the other parameters
should be modified to increase system stability.

Fig. 9 Response of a stable system to large pitch displace-
ments.
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Also shown in Fig. 9 is the linear solution for a 5° pitch
displacement. A considerable difference between the linear
solution and the nonlinear solution for the payload pitch
angle is apparent. For a similar one-degree displacement,
the two solutions agree within ±0.04°.

Conclusions
Equations of motion that describe the three-dimensional

motion of a nonrigid parachute and payload have been de-
rived in a form which is convenient for numerical solution.
A computer-aided small-disturbance stability analysis of the
equations revealed that a relatively small parachute could
be used to stabilize a statically unstable payload. Stability
of the system was found to be improved by increasing para-
chute tangent force coefficient and normal force coefficient
slope. Increasing riser length and parachute weight was
seen to decrease system stability. The computer techniques
developed allow a rapid stability analysis of large systems of
linear ordinary differential equations of the type considered.
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A review of existing theoretical and experimental data has revealed that existing capabili-
ties to predict full-scale unsteady airfoil stall are highly unsatisfactory. Existing theories
can realistically only be applied to thin airfoil stall, and are completely inadequate in de-
scribing unsteady stall of the leading- edge or tailing-edge type, which comprise the stall types
usually encountered both on helicopter rotors and compressor blades. The characteristic
missing in present theories, and which completely dominates dynamic stall of the leading-
edge and trailing-edge types, is the effect of pitch-rate-induced accelerated flow on the lee-
ward side of a pitching airfoil. This flow acceleration produces a relief of the adversity of the
pressure gradient, causing the observed delay of the stall and large overshoot of CLmax. An
analysis is presented that realistically describes unsteady airfoil stall in incompressible flow,
including the accelerated flow effect on leading-edge and trailing-edge stall. It is found that
quasi-steady theory, in which time history effects are lumped to one discrete past time event
and the accelerated flow effect is represented by an equivalent time lag, can adequately de-
scribe the unsteady airfoil characteristics in the complete angle of attack range from sub-
stall into deep stall. Analytic predictions are found to agree well with dynamic experimental
data. At very high frequencies, however, the agreement starts to deteriorate.

Nomenclature
AR = aspect ratio, AR = b'*/S
A/A0 = amplitude ratio, Eq. (2)
B/Bo = amplitude ratio, Eqs. (7-10)
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N = normal force, kg, coefficient CN = N/(p<x>Ua?/2)S

wing span, m
general aerodynamic coefficient, Eqs. (1-3)
reference length, m: c — 2-dimensional chord length;

c — S/b, mean aerodynamic chord
frequency, cps
airfoil camber, m
lift, kg, coefficient CL = L/(pmUm

2/2)S
lift, kg/m, coefficient d = l/(PooUm*/2)c
Mach number
pitching moment, kg-m, Cm = Mp/(PmU0>2/2)Sc'
pitching moment, kg-m/m, coefficient cm = mp/


